Consisting of stretchable and flexible cell walls or ligaments, soft elastic foams exhibit extremely high fracture toughness. Using the analogy between the cellular structure and the network structure of rubbery polymers, this paper proposes a scaling law for the fracture energy of soft elastic foam. To verify the scaling law, a phase-field model for the fracture processes in soft elastic structures is developed. The numerical simulations in two-dimensional foam structures of various unit-cell geometries have all achieved good agreement with the scaling law. In addition, the dependences of the macroscopic fracture energy on geometric parameters such as the network connectivity and spatial orientation have also been revealed by the numerical results. To further enhance the fracture toughness, a type of soft foam structures with non-straight ligaments or folded cell walls has been proposed and its performance studied numerically. Simulations have shown that an effective fracture energy one order of magnitude higher than the base material can be reached by using the soft foam structure.
geometry of the foam cells will also be studied.
Phase-field model of fracture
Numerical simulation of fracture processes has the inherited difficulties in dealing with discontinuities, singularities, and moving boundaries which causes large geometric and even topologic changes. To overcome some of these difficulties, phase-field models of brittle fracture have been developed [1, [13] [14] [15] [16] [17] [18] 22] . Recently, phase-field models have also been applied to the brittle fracture of rubbery polymers [23] . Numerical experiments have already shown that these models are capable of capturing both the onset of crack propagation and the damage morphologies of dynamic cracks [19] [20] [21] .
Without the need to track individual crack or to prescribe a crack path, the phase field method becomes a promising candidate for modeling the fracture of structures with relatively complex geometries, such 6 as the soft elastic foam. The model used in this paper closely follows these developments, especially those by Karma et al [13] and Hakim and Karma [14] .
To describe the state of material damage and to avoid tracking the crack front and faces, a phase field   . As a common practice of hyperelasticity, the deformation gradient tensor F is used to represent the state of strain. Following Karma et al. [13] , we write the free energy density function to include three contributing terms:
The second term on the right hand side of Eq. (2) represents the energy associated with material damage. When the strain energy at a material particle exceeds the threshold c W , the damaged state with 0   becomes energetically favorable. Just as in almost all phase-field models, the gradient energy term is added to regulate a smooth transition between the coexisting states. In this paper, the material constituting the solid phase of the foam is assumed to be isotropic, so that only a scalar coefficient  is needed for the gradient energy term. In equilibrium, the combination of the second and third terms on the right hand side of Eq. Countless number of constitutive models have been developed for hyperelastic solids. Although specific stress-strain relations of the solid phase may affect the ultimate fracture properties of soft foam, such dependence is beyond the scope of the current paper. Here for simplicity, we will limit the discussion to a neo-Hookean material of the strain energy function 
By taking the variation of (4) with respect to p , one will arrive at an equation of state with a degrading bulk modulus:
In the intact state, the large bulk modulus   K ensures volume conservation; in the fully damaged state, the added term does not affect the field of deformation, and the ad-hoc field p is regulated numerically by the quadratic term in (4).
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With all the aforementioned energy contributions, the total free energy of the system is simply the volume integral of the energy density, including the terms in (4) , and the surface integral of the potential of external tractions t :
where   t , X x symbolizes the current coordinates of a material particle located at X in the reference state. The total free energy  is a functional of the field of damage   . Following Hakim and Karma [14] , we neglect inertia and body forces, and assume the system to be in partial mechanical equilibrium, so that
in the bulk, and 
To simulate quasi-static fracture processes, a large enough mobility is taken to achieve rateindependent results. Further, to model the irreversibility of fracture processes and to prevent the damaged phase from healing, we force  to be a monotonically decreasing function of time by taking only the positive part of the driving force [22] : 
Energy dissipation and numerical implementation
The major difference between soft and stiff foams and the primary means of energy dissipation during fracture can be qualitatively understood with the aid of Fig. 1 . For ease of description, we will refer to the solid dividing segments in both open and closed foams as ligaments from now on. Upon rupture from stretched states, a ligament will first be accelerated by its own retracting forces, and the elastic energy stored prior to rupture is mostly converted to kinetic energy. When the ligament retracts further, the difference between stiff and soft ligaments is revealed: while a stiff ligament will remain straight and decelerate and transfer the energy further to the neighboring components, a soft ligament will tend to buckle or coil due to its slenderness, and the energy could not be effectively transferred.
The ultimate factor is the stiffness ratio between the surrounding structure and the broken ligament (a buckled ligament has very low stiffness), as elastic wave cannot propagate from a compliant medium to a stiff soft a stretched ruptured a rigid one. As a result, the elastic energy of a soft ligament is mostly damped through subsequent vibration of itself.
The detailed process and the dependence on the structural geometry, such as the aspect ratio of each ligament and the spatial connectivity at each node, can be simulated by computing the full dynamic response of a ligament and the surrounding structure. Such analysis, however, is not of particular interest to the current paper. We will focus on soft foams with very slender ligaments, and hypothesis that most part of the elastic energy stored in the broken ligaments will be dissipated through this process. The results are thus inapplicable to relatively stiff foams. On the other hand, it is also computationally less feasible to model the full dynamic behavior of each ligament in a foam structure of complex geometry. Instead, we will neglect the inertia and model the fracture process as quasi-static.
In this limit, the dissipation through crack propagation is negligible, and the fracture energy is mainly dissipated through viscosity. Without considering dynamics, the snap back of the ligaments are fully damped after each rupture event. Instead of a proof or evidence, the calculations presented as follows are the consequence of the proposed energy-dissipation mechanism.
Similar as in many other methods for fracture and damage simulation (e.g. cohesive element and element deletion), without inertia, the damage-induced softening is intrinsically unstable. To stabilize numerical procedures, and more importantly to dissipate the redundant strain energy in the dangling ligaments after rupture, we introduce a Newtonian-fluid-like damping term to the nominal
with  being the numerical viscosity. For relatively small viscosity  , the viscous stress only has significant contribution at the regions of high deformation rate, which is expected to occur only in a retracting ligament upon rupture. Numerical experiments have shown that when a small value of  is taken, the artificial viscosity only changes the rate of structural unloading at the wake of a propagating crack, and does not affect the energy consumption.
Substituting Eq. (9) into (6), one may obtain the coevolution of deformation and damage fields by solving the partial differential system (6) and (8) . It should also be noted that the ligament thicknesses of most structures calculated in the current paper are comparable to the intrinsic length scale r . In this limit, the calculations could as well be done by using the regular strength-based material degradation approach. Here, the phase-field approach is taken so that the direct comparison with the fracture process of a bulk material with the same property could be made when needed.
The dimensionless equations are implemented into a finite-element code through the commercial software COMSOL Multiphysics 4.3b. For numerical robustness under large deformation, the geometries are discretized by using triangular elements, and both the displacement and damage To compute the fracture energy, we load the pre-cracked structures in a similar way as the pureshear test for rubber. As sketched in Fig. 2 , the right and bottom edges are constrained by rollers, and the top edge is loaded by a uniform displacement. For symmetric structures and if the crack propagates along a symmetry line, only half of the structure is calculated and a symmetry boundary condition is prescribed along the symmetry line. A ramping displacement load is applied within a short time and then held constant. The crack will start to propagate when the applied displacement exceeds certain value. In a steady state when the crack tip is far from either ends, the energy release rate is independent of the crack length,
where H is the undeformed height of the structure. eff W is the effective strain-energy density in the absence of the crack, and is averaged over the volume including the space of the pores. In contrast to the standard pure-shear test, the entire structure is under plane-strain condition, and is allowed to shrink horizontally. The corresponding 2D results are closer to the behavior of 3D closed foam.
Although the effective strain-energy density eff W can be calculated by integrating W at the region far ahead of the crack tip, here we calculate it separately by subjecting a non-cracked structure to planestrain uniaxial tension.
Results and discussion
The simulations are first carried out on hexagonal (honeycomb) structures, as shown schematically in Fig. 3a . In order to reduce boundary effect, the actual computational domain is much larger than that shown. Fillets of dimensionless radius 1 have been applied to all corners to reduce stress concentration, as the preferential damage of the triple junctions may result in a different scaling law. The local deformation and damage fields of a representative result are shown in Fig. 3b , in which the preexisting crack has propagated through three ligaments.
Crack tip b a In a steady state, a crack is propagating through the structure at a constant speed, the energy release rate G is given by Eq. (10). However, due to the discrete nature of the structure, the crack propagation appears staggered. To capture the effective crack velocity, we identify each event of Comparing between the two orientations, it is found that the fracture energy in an "armchair" orientation is consistently higher than that of the same structure in a "zigzag" orientation. Such a a b 16 difference could be attributed to the anisotropy in ligament density. As illustrated by Fig. 6 , a horizontal crack mainly goes through the inclined ligaments in the "armchair" orientation, while a crack through a foam in the "zigzag" orientation mainly breaks the vertical ligaments. The numbers of ligaments cut by unit crack length in the two orientations differ by a factor of 3 2 , which explains the difference in the effective fracture energies. The same phenomena may also be understood by considering the effective sharpness of a crack. As shown by Fig. 6 , the crack path in a "zigzag" orientation is nearly straight, while that in an "armchair" orientation is often meandering. With the crack front randomly selects one of two inclined ligaments, which has almost identical strain energies, the effective crack tip can be regarded as encompassing the region of both ligaments, and thus the crack is blunter. The effect of unit-cell geometry is only reflected in the dimensionless coefficient  , as summarized by energies, let us revisit the physical origin of the polymer-network-like toughening mechanism. Two necessary conditions must be met for the mechanism to be effective: (a) the ligaments must be relatively long and uniform, so that the elastic strain energy everywhere along a ligament is close to critical prior to rupture; (b) the network structure must be sufficiently compliant, so that the remaining strain energy after rupture is not passed to the neighboring ligaments. Even with the same aspect ratio and uniformity in the ligaments, the network connectivity in either the triangular foam or the square-18 cell foam is higher than that in the hexagon foam. Each node is connected to six ligaments in a triangular foam, and four in a square-cell foam, but only three ligaments are connected to each node in a hexagonal foam. Therefore, at the tip of a propagating crack in a triangular foam of square-cell foam, two or more ligaments connected to the same node will be stretched and almost aligned in the direction perpendicular to the crack. Once one of them ruptures, the remaining elastic strain energy may be partially transferred through the common node to the other ligaments which are still standing and carrying the load along the same direction. The strain energy carried over may contribute to the further propagation of the crack, and the overall fracture energy is thus lower. It should be noted that the square-cell foam with vertical and horizontal ligaments represents a special case, in which the two lateral ligaments are connected at the direction almost perpendicular to the load, and thus the macroscopic fracture energy is less affected by the relatively high connectivity. Despite the apparent linear relation between the effective fracture energy and the solid volume fraction  (or the ligament length l ), the polymer-network-like toughening mechanism is unlikely to make a soft cellular material with macroscopic pores tougher than the bulk solid. By using the same method on a bulk solid, we have confirmed that the dimensionless fracture energy of a condensed structure is approximately 2, just as shown in the literature [23] . The factor which has not been taken into consideration here is the size-dependency of material strength. It is well-known that, due to the presence of defects, larger samples of the same material would exhibit a lower tensile strength. The critical energy density c W which scales with the squared of the rupture strength, is dependent on the ligament thickness d (and is usually a decreasing function). On the other hand, without resolving microscopic defects, the phase-field model used in the current paper will not predict any size effect, and will become size-independent, and the scaling law (1) could be fully recovered. The size-dependency of tensile strength, which has been extensively studied [24] , is not a main focus of the current paper.
Here we further investigate geometric effects by studying soft elastic foams with non-straight ligaments. The scaling relation, The deformed shape is plotted by downscaling the actual displacement value to 10%.
As an illustrative example, we construct a numerical model by repeating the unit cell as sketched in Fig. 8 (a) . Unlike in the above examples, the initial geometry of a ligament takes a serpentine form. The material is taken to be soft enough so that the ligaments are insensitive to the stress concentration at the folding corners. During deformation, the ligaments will first be straightened and then rupture. As shown by Fig. 8b, , and plot it as a function of the solid volume fraction. As shown by Fig. 9 ., the scaling law (1) still holds for the foam structures with serpentine ligaments. Despite the different geometries of the unit cells, the extrapolation of the curve to lower volume fractions will give similar fracture energy levels as structures with straight ligaments. However, due to the much more condensed nature of the folding structures, the fracture energy is significantly improved. For the structure shown by Fig. 8 , the volume fraction , more than one order of magnitude higher than the foam structures with straight ligaments or the same material in a bulk form. Without realistic material models or optimized design parameters, this numerical example is just an illustration of the toughening mechanism. Nevertheless, it is evident that the fracture energy of a material may be significantly increased by adopting similar structural designs. More interestingly, such a toughening mechanism is not just limited to soft solids, especially when the ligament size is small. It should also be noted that the fracture energy increase is obtained at the expense of the initial structural stiffness. As shown by Fig. 10 ., the effective initial modulus is more than two orders of magnitude lower than that of the constituting solid. Such a relation between structural compliance and fracture toughness is similar to that in the microcrack-toughening mechanism, although the latter is usually studied in the context of linear elastic fracture mechanics [26] [27] [28] .
Journal of Applied Mechanics (without a pre-existing crack). The initial stiffness of the structure is more than two orders of magnitude lower than the solid material. The stress-stretch curve exhibits a strain-stiffening behavior, even though the material is taken to be neo-Hookean.
Moreover, even though the material is taken to be neo-Hookean, the stress-stretch curve exhibit a clear strain-stiffening segment at relatively large stretch, just like the behavior of elastomers at the stretch limit of polymer chains. Here, the strain stiffening corresponds to the straightening of the serpentine ligaments. To some extent, such a structure can be regarded as a macroscopic model system for the fracture of elastomers.
The detailed design and optimization of structures of the kind, although interesting, is beyond the scope of the current paper. We are eagerly awaiting the designs and manufacturing of tough materials by utilizing this mechanism.
Conclusion
Drawing an analogy between the compliant ligaments in a soft elastic foam and the polymer chains in an elastomer, this paper proposes a polymer-network-like toughening mechanism and derives the scaling relation between the macroscopic fracture energy and the structural characteristics of soft foam structures. Different from the energy absorbing mechanism of rigid foams which is mainly effective at compression, the polymer-network-like toughening mechanism allows a soft foam to effectively dissipate energy when the structure is subject to tension. Through a phase-field model developed specifically for the fracture of elastomers, the toughening mechanism as well as the scaling relation is then verified on soft foam structures of various geometries. In addition to the scaling law, it is found that the geometric parameters such as the ligament density and the network connectivity will also affect the fracture energy of soft foams. Finally, to increase the volume fraction of the solid phase without affecting the thickness or slenderness of each ligament, a type of soft foam structures of serpentine ligaments is proposed. Numerical study suggests that such structures may reach an effective fracture energy much higher than that of the corresponding bulk material. In other words, one may toughen a soft material just by cutting slots or holes in it.
